By definition, a quadratic Lie superalgebra is a Lie superalgebra endowed with a non-degenerate supersymmetric bilinear form which satisfies the even and invariant properties. In this paper we calculate all of the second cohomology group of elementary quadratic Lie superalgebras which have been classified in [7] by applying the super-Poisson bracket on the super exterior algebra. Besides, we give the classification of 8-dimensional solvable quadratic Lie superalgebras having 6-dimensional indecomposable even part. The method is based on the double extension and classification results of adjoint orbits of the Lie algebra sp(2).
Introduction
As far as we know, the Killing form of a Lie superalgebra is supersymmetric, invariant and even. In some special cases, it also satisfies the non-degeneracy. Those lead to study of Lie
Cohomology of Lie Superalgebras and Quadratic Lie Superalgebras
In this section, we recall some preliminary concepts and basic results which will be used later. For details we refer the reader to the paper [8] of D.B.Fuchs, D.A.Leites and the paper [13] of G. Pinczon, R. Ushirobira. for all x, y, z ∈ Z 2 , X ∈ gx, Y ∈ gy, Z ∈ gz . Definition 1.1.2. Let g = g 0 ⊕g 1 be a Lie superalgebra. Denote by Alt(g 0 , C) the algebra of alternating multilinear forms on g 0 and by Sym(g 1 , C) the algebra of symmetric multilinear forms on g 1 . We define a Z × Z 2 -gradation on Alt(g 0 , C) and on Sym(g 1 , C) by
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and
where i, j ∈ Z; i, j ∈ Z 2 are respectively the residue classes modulo 2 of i, j and i = j. The super-exterior algebra of g is C(g, C) = Alt(g 0 , C) ⊗ Sym(g 1 , C) endowed with the superexterior product on C(g, C) defined by
for all Ω ∈ Alt(g 0 , C), Ω ′ ∈ Alt ω ′ (g 0 , C), F ∈ Sym f (g 1 , C), F ′ ∈ Sym(g 1 , C).
Remark that C(g, C) is a Z×Z 2 −graded algebra. More precisely, in terms of Z−gradation, one has
and in terms of Z 2 −gradation,
and C 1 (g, C) = Alt(g 0 , C) ⊗ ⊕ j≥0 Symm 2j+1 (g 1 , C) . Denote by Der n d (C(g, C)) the space of superderivations of degree (n, d) of C(g, C). Then we have a Z × Z 2 −gradation of the space of superderivations of C(g, C):
Example 1.1.4. Let X ∈ gx be a homogeneous element in g of degree x and define the endomorphism i X of C(g, C) by
. It means that i X is a superderivation of degree (−1, x).
is a superderivation of degree 1, 0 defined by
s+xs(x r+1 +...+x s−1) ω X 0 , . . . , X r−1 , [Xr, Xs] , X r+1 , . . . , Xs, . . . , X k , for all ω ∈ C k (g, C), X 0 ∈ gx 0 , . . . , X k ∈ gx k , where the sign Xs indicates that the element Xs is omitted. It is easy to check that
We denote by Z k (g, C) the set of all k-cocycles and by B k (g, C) the set of all k-coboundaries.
and called the k -cohomology groups of g with trivial coefficients. Definition 1.1.5. The dimension of the k-cohomology group H k (g, C) is called the k-th Betti number of g and denoted by b k (g). Example 1.1.6. (see [1] ) Let the Heisenberg Lie superalgebra
with non-zero super brackets
It is easy to compute that δX * i = δY * j = 0, for all i = 1, 2n, j = 1, m and
For the second cohomology group, we have δ (Z * ∧ ω) = δZ * ∧ ω − Z * ∧ δω = 0 if and only if ω = 0. Then
Accordingly, b 2 (h 2n+1,m ) = 2n 2 − n + 2nm + m 2 + m 2 − 1.
Quadratic Lie Superalgebras
Definition 1.2.1. Let g = g 0 ⊕ g 1 be a Lie superalgebra. Assume that B is a bilinear form defined on g such that it satisfies the following properties:
The pair (g, B) is called a quadratic Lie superalgebra if B is even, that is
In this case, it is easy to check that g 0 , B g 0 × g 0 is a quadratic Lie algebra and g 1 , B g 1 × g 1 is a g 0 −module endowed with a symplectic structure.
Let (g, B) , (g ′ , B ′ ) be two quadratic Lie superalgebras. We say (g, B) and (g ′ , B ′ ) isometrically isomorphic (or i-isomorphic, for short) if there exists a Lie superalgebra isomorphism A from g onto g ′ satisfying
Then A is called an i-isomorphism. We write (g, B)
be a quadratic Lie superalgebra and ℑ be a graded ideal of g.
(i) ℑ is called non-degenerate if the restriction of B to ℑ × ℑ is non-degenerate. Otherwise, we say ℑ degenerate.
(ii) (g, B) is called irreducible if g does not have any non-degenerate graded ideal excepting {0} and ℑ.
(iii) A non-degenerate ideal ℑ is called irreducible if ℑ does not have any non-degenerate graded ideal excepting {0} and ℑ.
The following proposition reduces the study of quadratic Lie superalgebras to nondegenerate graded ideals. Proposition 1.2.3 (see [4] ). Let (g, B) be a quadratic Lie superalgebra and ℑ be a graded ideal of g. Then ℑ ⊥ is also a graded ideal of g. In addition, if ℑ is non-degenerate then so
The Second Cohomology Group of Elementary Quadratic Lie Superalgebras
In this section, we will compute the second cohomology group of all elementary quadratic Lie superalgebras classified in [7] . Firstly, we recall the concept of the super Z × Z 2 − Poisson bracket on the super-exterior algebra of a quadratic Lie superalgebra, which is used to give a new way of description of cohomology.
The Super
Let g = g 0 ⊕ g 1 be a Z 2 −graded vector space equipped with a non-degenerate even supersymmetric bilinear form B. In this case, g 1 is a symplectic vector space. Hence, the dimension of g 1 must be even and g is aslo called a quadratic Z 2 −graded vector space. Now we recall the definition of the Poisson bracket on Sym(g 1 ) and the super-Poisson bracket on Alt(g 0 , C) which are used later. Let {X 1 , . . . , Xn, Y 1 , . . . , Yn} be a Darboux basis of g 1 , i.e. we have
for all i, j = 1, n. Let {p 1 , . . . , pn, q 1 , . . . , qn} be its dual basis. Then the algebra Sym(g 1 , C) regarded as the polynomial algebra C[p 1 , . . . , pn, q 1 , . . . , qn] is equipped with the Poisson bracket as follows:
For any X ∈ g 0 , let i X be the derivation of Alt(g 0 , C) defined by
and ι X (1) = 0. Let {Z 1 , . . . , Zm} be a fixed orthonormal basis of g 0 . The super-Poisson bracket on Alt(g 0 , C) is defined by (see [13] ):
Next, the super Z × Z 2 −Poisson bracket on C(g, C) is given by:
Proposition 2.1.1 (see [7] , [13] ). The algebra C(g, C) is a graded Lie algebra with the super 
(see [7] ).
Remark 2.1.2. In [7] , the authors introduced a useful tool. That was the 3-form I defined on any quadratic Lie superalgebra (g, B) as follows
This 3-form is called the 3-form associated to g. It is easy to prove that I is the homogeneous element of degree (3, 0) 
{I, I} = 0 and δ = − {I, .} (see [7] , Proposition 1.11). Using this proposition, the cohomology group H k (g, C) can be computed through the super Z × Z 2 −Poisson bracket.
Elementary Quadratic Lie Superalgebras
The main result of Section 2 is the description of the second cohomology group of elementary quadratic Lie superalgebras which have classified in [7] . There are exactly three superalgebras as follows.
The bilinear form B is defined by B X 0 , Y 0 = 1, B X 1 , Y 1 = 1, the others are zero and the Lie super bracket is given by
, the others are zero and the Lie super bracket is given by
The Second Cohomology Group of Elementary Quadratic Lie Superalgebras
Now we will introduce the first result of the paper. Namely, we will describe the second cohomology group of the elementary quadratic Lie superalgebras which have listed in Subsection 2.2. 
The Proof of Theorem 2.3.1
According to the paper [7] , the associated 3-form of g s 4,
. By a straightforward computation, we obtain
Then we get
(ii) Next, we consider g s 4,2 = CX 0 ⊕ CY 0 ⊕ CX 1 ⊕ CY 1 , where g 0 = span{X 0 , Y 0 } and
From [7] , we obtain the associated 3-form
. By a similar computation as above, we have
By a similar computation, we have .
The proof is complete.
Classification of 8-dimensional Solvable
Quadratic Lie Superalgebras Having 6-dimensional Indecomposable Even Part
The main result of the paper is a classification of all solvable quadratic Lie superalgebras of dimension 8 having indecomposable even part of dimension 6. In order to get this classification, it is necessary to observe consequence of adjoint orbits of the Lie algebra sp(2) and the double extension.
Adjoint Orbits of Symplectic Lie Algebra sp(2)
Every non-zero element a b c −a in the Lie algebra sp(2) is either nilpotent or semisimple.
It means that we can choose a basis of C 2 such that the matrix representation of an element in sp(2) with respect to this basis is diagonal or strictly upper triangliar. Proof. The Lie algebra sp(2) has a basis {H, X, Y } with
That means A and B are linearly dependent.
As an immediate consequence of Lemma 3.1.1, we have the following lemma. This implies a = 0, 2λb = b, −2cλ = c.
Double extension of quadratic Lie superalgebras
In this subsection, we recall the notion of a double extension of quadratic Lie superalgebras which is introduced in [4] and some its properties because it will be used later. For details we refer the reader to the paper [9] of V. G. Kac, the paper [4] of I. Bajo, S. Benayadi, M. Bordemann and the paper [3] of I. Bajo, S. Benayadi. Firstly, we recall the definition of homogeneous superderivations.
Definition 3.2.1 (see [9] ). Let g be a Lie superalgebra. An endomorphism D ∈ Homα(g, g) (where α ∈ Z 2 ) is called a homogeneous superderivation of degree α of g if
Denote by (Der(g)) α ⊂ Homα(g, g) the space of all homogeneous superderivations of degree α. Assuming that Der(g) = (Der(g)) 0 ⊕ (Der(g)) 1 , it is easily seen that Der(g) is Lie subsuperalgebra of Lie superalgebra Hom(g, g) and we call it the Lie superalgebra of superderivations of g. Definition 3.2.2 (see [4] ). Let (g, B) be a quadratic Lie superalgebra. A homogeneous superderivation D of degree α of g is called skew-supersymmetric if
It is proved that the vector subspace of Der(g) generated by the set of all homogeneous skew-supersymmetric superderivations of (g, B) is a Lie subsuperalgebra of Der(g) and it is denoted by Dera(g, B) . In the remainder of this subsection we give the notion of a double extension of quadratic Lie superalgebras. Proposition 3.2.3 (see [4] , Theorem 2.4). Let (g, B) be a quadratic Lie superalgebra and h be a Lie superalgebra. Suppose that ψ : h → Dera (g, B) is a morphism of Lie superalgebras. Define a bilinear map ϕ from g × g to h * by
Let π h by the coadjoint representation of h. Then the Z 2 −graded vector space g = h ⊕ g ⊕ h * becomes a Lie superalgebra with the bracket defined by 
.
The quadratic Lie superalgebra g in Proposition 3.2.3 is called a double extension of (g, B) by h (by means of ψ).
In particular, if h = Ce, h * = Cf then D = ψ(e) is an even skew-symmetric superderivation on g and g = Ce ⊕ g ⊕ Cf . In this case, g is called a 1-dimensional double extension of g by means of D. The Lie super bracket on g is defined as follows
The invariant bilinear form B on g is defined by
The following proposition presents the crucial role of one-dimensional double extensions for the construction of quadratic Lie superalgebras. Proposition 3.2.4 (see [3] ). Let (g, B) be an irreducible quadratic Lie superalgebra of dimension n such that n > 1. If z(g) ∩ g 0 = {0} then g is a double extension of a quadratic Lie superalgebra of dimension n − 2 by the one-dimensional Lie algebra.
Classification of 8-dimensional Solvable Quadratic Lie
Superalgebras having 6-dimensional Indecomposable Even Part
The main result of this section is the classification of 8-dimensional solvable quadratic Lie algebras having 6-dimensional indecomposable even part. Before starting the main theorem, we first recall the classification of the 6-dimensional quadratic Lie algebras in [12] .
Proposition 3.3.1 (see [12] ). Let (g, B) be a solvable quadratic Lie algebra of dimension 6. Assume g indecomposable . Then there exists a basis {Z 1 , Z 2 , Z 3 , X 1 , X 2 , X 3 } of g such that the bilinear form B is defined by B(X i , Z j ) = δ i,j ; 1 ≤ i, j ≤ 3, the other are zero and g is i-isomorphic to each of Lie algebras as follows:
where λ ∈ C and λ = 0. In this case g 6,2 (λ 1 ) and g 6,2 (λ 2 ) is iisomorphic if and only if λ 2 = ±λ 1 or λ 2 = λ −1
Now, we consider an 8-dimensional solvable quadratic Lie superalgebras g = g 0 ⊕ g 1 , B having 6-dimensional indecomposable even part. Because g is solvable, so is g 0 . Since the even part g 0 is indecomposable, g 0 is isometrically isomorphic to each of quadratic Lie superalgebras g 6,1 , g 6,2 (λ), g 6,3 which have been listed in Proposition 3.3.1.
Assume that g is decomposable. Consider an arbitrary proper non-degenerate ideal j = j 0 ⊕ j 1 of g. Then j ⊥ is also a proper non-degenerate ideal of g. Hence, j 0 or j ⊥ 0 is a non-zero and non-degenerate ideal of g 0 . Because g 0 is indecomposable, then j 0 = g 0 or j ⊥ 0 = g 0 . Therefore, without loss of generality, we may assume that j = g 0 ⊕ j 1 . Then we get
That means that g = g 0 ⊕ g 1 where g 0 is an 6-dimensional indecomposable quadratic Lie algebra, g 1 is a symplectic vector space of dimension 2 and [g 0 , g 1 ] = {0}.
Next, we consider g as an indecomposable quadratic Lie superalgebra with the even and odd parts are given as follows
By Proposition 3.3.1, there are three cases for g 0 . Now, we will consider these cases one by one.
(1) g 0 = g 6, 1 In this case, the Lie brackets are defined by
Remark that
By Lemma 3.1.2, we get
By Lemma 3.1.1, any pair of elements in the set {ad(
On the other hand, by the classification of Sp g 1 -orbits of the Lie algebra sp g 1 , we can choose a Darboux basic Y 1 , T 1 such that the representation matrices of ad(
either are concurrently diagonal or strictly upper triangliar. Therefore, we need consider two different cases.
where λ, µ, ν ∈ C such that they are not simultaneously zero. In this case, we have
Because B is invariant, non-degenerate and even, we obtain
We denote this Lie superalgebra by g s 8,2,1 (λ, µ, ν) where λ, µ, ν ∈ C such that they are not simultaneously zero.
where λ, µ, ∈ C. In this case, we have
Because B is invariant, non-degenerate and even, we get [Y 1 , g 1 ] = 0. In a similar way of argument to the one used in the case (1a), we have
and the others on g 1 are zero. We denote this Lie superalgebra by g s 8,2,2 (λ, µ) where λ, µ, ∈ C.
The Lie bracket is given by
Then ad(X 3 ) g 1 = 0 since g is indecomposable. By Lemma 3.1.1, we get dim V = 1, 2.
2a) Assume that dim V = 1 We get
According to Proposition 3.2.3, g is a one-dimensional double extension of q 0 ⊕ g 1 (where
By applying the classification of Sp g 1 −orbits of sp g 1 , we have the following cases of ad(X 3 ). Without loss of generality, we assume that ad(Z 1 ) g 1 = 0. We have 
Note that when λ = −1, it can be returned to the case λ = 1 by replacing X 2 by Z 2 and Z 2 by X 2 . Therefore, we have two following cases.
Denote this Lie superalgebra by g s 8,2,5 (λ) where λ ∈ C and λ = 0.
By the invariance of the bilinear form B, we obtain
Denote this Lie superalgebra by g s 8,2,6 (λ, µ) where λ, µ, ∈ C and λ = 0, µ = 0. .
The non-zero Lie brackets:
Similarly to Case (2), we get ad(Z 3 ) g 1 = 0 and dim V = 1, 2. 3a) Assume that dim V = 1. By the argument analogous to that used in Case (2), g is a one-dimensional double extension of q 0 ⊕ g 1 (where q 0 = span {Z 1 , Z 2 , X 1 , X 2 }) by means of ad(X 3 ) ∈ o(q 0 ) ⊕ sp(g 1 ). Applying the classification of Sp g 1 −orbits of sp g 1 , we have the following cases of ad(X 3 ). By the invariance of B, we have
Denote this Lie superalgera by g s 8,2,9 . Now, combining the above calculations, we obtain the main theorem of the paper which gives the classification of 8-dimensional solvable quadratic Lie superalgebras having 6-dimensional indecomposable even part. 
